Relaxation Effects in Small Critical Flow Venturis

Aaron N. Johnson, Charles. L. Merkle, Michael R.Id¢wer, and John D. Wright
National Institute of Standards and Technology
100 Bureau Drive, Stop 8361
Gaithersburg, Maryland, 20899-8361, USA

Tel: 301-975-5954, Fax: 301-258-9201, Email: agothmson@nist.gov

ABSTRACT

We computed the flow of four gases (He, I€O,, and Sk) through a critical flow venturi (CFV) by
augmenting traditional computational fluid dynam{€~D) with a rate equation that accounts fgg,, a
species-dependent relaxation time that charactetime equilibration of the vibrational degreesreetlom

with the translational and rotational degrees eéfftom. Conventional CFLIY {g 5= 0) under-predicts the

flow through small CFVs (throat diameter= 0.593 mm) by up to 2.3 % for G@nd by up to 1.2 % for

SK. When we used values ofg5, from the acoustics literature, the augmented CR@et-predicted the

flow for SF; by only 0.3 %, in the worst case. The augmentediptions for CQ were within the scatter
of previously published experimental data0(1 %). As expected, both conventional and augeteGFD
agree with experiments for He and. NThus, augmented CFD enables one to calibrateal €FV with

one gas€.g.,N,) and to use these results as a flow standardatliter gasese(g, CO,) for which reliable

values off and the relaxing heat capacity are available.

relax

A) INTRODUCTION

Critical flow ventruis (CFVs), also called criticalozzles, have been used for decades as secondary
standards for measuring large gas flows because dhe passive, extraordinarily stable, and easy to
use [1, 2]. In an effort to exploit these desiealgjualities at the lower flow ranges encountered in

semiconductor processing (10 to 300 stantlamd s ), we used computational fluid dynamics (CFD) to

! Standard reference conditions are at 293.15 K 8425 kPa.
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predict the flow through a small, well-charactetiz€FV (nominal throat diametet = 0.593 mni). In
Figure 1, we compare our CFD results with previpysiblished measurements for four gases [3]. The
variables used for this comparison are those cdioraily used to describe CFVs. Thus, the ordinate

the discharge coefficienCy °© nVm;, where mis actual mass flow andn; is the mass flow calculated

using an idealized one-dimensional, inviscid modélhe abscissa is the inverse square-root of the

Reynolds number:Re=4m; /pd m,where m, is the viscosity evaluated upstream of the CFV at

stagnatiorconditions. As shown in Figure 1, the present GR@el predicts the mass flow through the
small CFV for all four gases to within0.31 % for flow rates spanning at least a facfat for each gas.
Previously existing CFD models and analytical peedns [4-11] account for several species-dependent
effects (virial coefficients and temperature-degmicheat capacity) and for boundary layers andature

of the sonic line. In order to obtain good agreetnweith the measurements for g@nd Sk, we had to
augment existing equilibrium CFD models to accdunt? 154, the species-dependent relaxation time that
characterizes the equilibration of the vibratiodagrees of freedom with the translational and iatat
degrees of freedom. The relaxation time must mepewed tof 4,6, the average time required for a fluid
element of fixed mass to move from the CFV inlethe CFV throat. For any ISO standardized CFV
geometry [12] (Figure 2) the approximate transietiis £ 4nsit » 10d/c where d is the diameter of the
throat andc is the speed of sound in the gas at the CFV throat.s,T$mall CFVs, such as the one
considered here for use at low flow rates, have short trm&s and can encounter larger values of the
ratio G =1 ejax/ftransit- Conventional CFD and analytical theories for CFVs asstipagc= 0. Such
theories agree with the present results forald He within their scatter (0.1 %, root mean square);
however, as shown in the lower panel of Figure 1, conwesititheories {¢5x= 0) under-predict the flow
through this small CFV by up to 2.3 % for €@nd up to 1.2 % for SF The augmented CFD model

provides better understanding of how gas species effects iofluba discharge coefficient for both £O

and Sk in small CFVs. The results help to quantify the levelcofrection needed when a CFV is

2The measured value of the throat diameter was tdjusy less than one micron by matching the expartal G data to the
computed results for N
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calibrated using a standard gasg( N, or Air, Ar, etc. ) wheref o5x= 0, but applied to other gasesd,

CO, or SK) where vibrational relaxation effects are prevalent.
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Figure 1: Comparison of experimental calibration @ta of four gases with
equilibrium and non-equilibrium CFD data over a Reynolds number range
from 2,000 to 40,000

Our CFD model characterizes the vibrational degrees of freedtiim each fluid element by its energy

evib (Tvin) » WhereT,;, is the vibrational temperature. As the gas flows thrabhghCFV, the temperature
of the external modesl,,;, drops quickly whileT;, lags behind for molecules wher@ is close to or

greater than unity. (Here, we follow Bhatia [13] who callbd translational and rotational degrees of
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freedom “external modes.”) To account for the lag, our ClEdehcouples the Navier-Stokes equations to
a local relaxation equation that contains two species-dependent parsamemne ise, (T, )which is
obtained from spectroscopy [13, 14] and the secorfgyjg, which is obtained from ultrasonic absorption
and dispersion data [15, 16]. The CFD flow field is deieexh by solving the coupled equations
simultaneously.

Our results show that relaxation effects must be consideretievbr small CFVs are used for slowly
relaxing gases over temperatures ranges for which the vikabstates are significantly populated. Both

CO, and Sk meet these conditions; however, dbes not because, at ambient temperature, nearly, all N

molecules are in their lowest vibrational state.

B) CFV GEOMETRY AND PRINCIPLE OF OPERATION

CFV Geometry
Figure 2 shows the contour of an ISO toroidal throaV Gfat was used in this study. It consists of a

circular arc of radiusR, =2d that merges smoothly into a conical section with a vertexamgjfe of

g=3 .

Figure 2: Critical nozzle used in this study. Thealiameter of the throat wasd = 0.593 mm.

Baseline Mass Flow Model
For any CFV, the ratio of the downstream pressure to egrstipressure is maintained so that the gas

velocity near the CFV throat reaches sonic velocity. This camdié commonly referred to as choking the
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CFV. The largest pressure ratio that just chokes the GFdlied the choking pressure ratio, and CFVs
must be operated at or below this threshold. For chokeditams, a long standingaselinemass flow
model has been developed that is capable of predicting the axassalflow to within 10 percent or better,
depending on Reynolds number. This model is based dioltbering three assumptions: 1) the flow field

is one-dimensional, 2) the flow field is inviscid, aBYl the gas behaves ideally and has constant heat
capacities. Herein, these assumptions are collectively calledabeline CFV assumption Several

engineering texts [17-19] use this assumption to derbasaline mass flow

P, A" C!
m, = Bl 3 1)
RT,

where Py is the upstream stagnation presstiig, is the upstream stagnation temperatmé,:pd2/4
is the CFV throat areaRR is the gas constant for a given specie (the universal gataobulivided by the
molecular weight), and:isis the ideal critical flow function

g
cl=g gTﬂ 2(1- 9) )

where the superscript “i" is added to denote the igadeal andg=Cp /Cy, is the ratio of the constant-

pressure specific heat to the constant-volume Bpéaat.

Experimental Calibration

In CFV applications, none of the three assumptiosed to derive the baseline mass flow are perfectly
satisfied, and consequently the actual CFV masg floes not equain; . However, the baseline mass
flow plays a vital role in CFV calibrations, beinged as the normalizing parameter in the definibibthe

discharge coefficient

c oM RT,

i ®)
m P,A Cq

where m is the experimentally measured mass flow. Cadidmacurves typically plot the discharge

coefficient versus a function of the Reynolds numbe
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4mi
Re=
pdm

(4)

where mmy is the molecular viscosity evaluated at the stagnaonditions.

The C4 values resulting from experimental calibrationves are most reliable when they are applied

using the same conditionsg, gas species, stagnation conditions, ambient tetye, inlet velocity
profile, beta ratio, etc.) for which the CFV wadilmated. This paper focuses on how species affect
impact the discharge coefficient when the calibratand application gas differ and one or both eSéh
gases experiences vibrational relaxation. It ipdrtant to understand this phenomenon because this
physical mechanism is not captured by the stan&@gholds number parameterization. In a similar
manner, species effects attributed to real gasvimh@.e., virial effects) also result in uncoupling between
the discharge coefficient and Reynolds number. I&the physical mechanisms differ, we introducedin
CFV theory and use it to show that the methodologgd to account for real gas behavior can also be

applied to correct for vibrational relaxation pherenon.

In CFV flows, real gas behavior is taken into acttdoy using the real gas critical flow functio@, , in

the place of the ideal critical flow function:;, in Equation (3). When real gas behavior is antexl for
in this way, the corresponding discharge coefficidepends predominately on Reynolds nuribén a

similar manner, we introduce @&ffectivecritical flow function, Cgff , to correct for vibrational relaxation
effects. The effectiveness of this correction paater, like the correction for real gas behaviepehds on
vibrational relaxation phenomena being uncoupledhfthe other higher order effecte(, boundary layer
development, the shape of the sonic line, andl\éfi@cts). Higher order CFV models, which corrte

baseline mass flow model, can be used to justéyute of this correction factor.

Higher Order CFV Models
Higher order CFV models improve upon the baselinessnflow model by eliminating the three

assumptions used to derivlg; . These higher order models are based on solutiotiseoNavier-Stokes

3 Even after correcting for real gas behavior theltisge coefficient has a weak dependencgothat diminishes with increasing
Reynolds number.
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equations that govern the fluid dynamics of coneeral CFV flows. Because of the complexity of the
Navier-Stokes equations, no analytical solutiongehbeen found when all three of the baseline CFV
assumptions are eliminated simultaneously. Insteegkarchers have found three different solutlmns
removing only one of the three baseline CFV assiomptwhile enforcing the other two. These three
solutions include 1) a solution to account for Hmindary layer development along the CFV wall [6—8]
2) an inviscid axisymmetric solution to accounttiee curvature of the sonic line at the CFV thifdhtand

3) a solution to account for real gas behavior2a(- We briefly discuss each of these three smhsti

In the late 1960's and early 1970's both Tang [6a@d Geropp [8] independently developed models
predicting how the discharge coefficient is affelcbyy boundary layer development along the CFV wall.

The viscous discharge coefficient developed byalesearchers

Cdl = fl(Reg, M/) (5)

is denoted by the subscripf’,'and is a function of the Reynolds number, thecHfic heat ratio, and the

CFV geometry which is accounted for via the curafparametert/=d/2r. wherer, is the throat radius

of curvature. The second model, developed by iHalR62, predicts the effects of sonic line curvaton
the discharge coefficient. Hall eliminated the -ai@ensional assumption by considering the flovbéo
axisymmetric, but he retained the assumptionsttieafluid behaves as perfect gas and the flowisad.

The axisysmmetric inviscid discharge coefficient

Cq, = f2(9. W) 6)

is denoted by the subscript,‘and is a function of the specific heat ratio d@he curvature parameter. The
third model was developed by Johnson [20-24] wiotuihed real gas behavior, but assumed that the flow
was inviscid and one-dimensional. This solutioquiees an accurate thermodynamic database and is
typically implemented numerically as describeddferences [20-24]. For convenience, Johnson esgdes

the numerically calculated mass flow in the sanmenéd as the baseline model

M= ——— ()
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and lumped all of the real gas effects into thepeaterC, , which replaces the ideal critical flow function.
The real gas discharge coefficient is denoted kysilibscript 3" and defined as the ratio ofy and the

baseline mass flow

oM _Cs

Cq :
om

(8)

but by Equations 1 and 7 is also equal to the mitithe real gas critical flow function to the &eritical
flow function. The real gas critical flow functiowhich is often called th@ohnson coefficients generally

either tabulated as function d¥, and T, or given as a surface fit of these parameters/éoious gas

species.

Linear CFV Theory

For simplicity, in this paper, the three CFV modale referred to as models 1, 2, and 3 respectively
Linear CFV theory is used to combine the individuedults of these three models into a single model
capable of predicting the discharge coefficient dogeneral CFV flow where none of the baseline CFV
assumptions apply. The results of the linear th§bt] show that to second order accuracy the @iy

coefficient equals

Cd = Cdlcd2 Cd3 (9)

the product of theCy’'s from models 1, 2 and 3 respectively. This egpien clearly shows how the

discharge coefficient depends on real gas beham'Dera. This dependence can be eliminated by

dividing Equation 9 b)Cd3 , and modifying the discharge coefficient definitim be
Cg © C4/Cq, =Ca,Ca, (10)
Based on the functionality dtdl and Cq, given in Equations 5 and 6, the modified dischargefficient

is completely free of virial effects, being a fuoct of Re, g, and W. Physically, C;j is made

independent of real gas behavior by using as the normalizing parameter
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i (11)

which is equivalent to using the real gas crititadv function in place of the ideal critical flowfction.

Mathematically, Equation 11 is derived by subsitiigitEquation 3 and 8 into Equation 10.

The definition of the discharge coefficient givem Equation 11 is preferred over the definition in
Equation 3 because the real gas behavior in Equatlmas the undesired quality of possibly perngttime
discharge coefficient to be greater than unity.tTifiadepending on the gas and CFV operating ciomdit

Cd, could either be greater than or less than unlitycases Wherﬁd3 >1, it could cause the discharge

coefficient in Equation 3 to be greater than uni@n the other hand, the definition in Equationd dnly
dependent on boundary layer effects and curvatutigecsonic line as shown in Equation 10. Botlthese
effects cause the discharge coefficient to bettems unity. The boundary layer introduces a regibfuid
where both the density and velocity are reducedativel to the core flow. The density is lower beeaas

the higher temperatures in the boundary layetaitied to viscous heating as the flow stagnatdseaCFV
wall, and the fluid velocity is lower due to the-slip condition imposed by the wall. In the axisyetric
core flow, the curvature of the sonic line stipatathat the Mach number distribution across the Gidat
cross section is not uniformly equal to unity, hats values both below and above this value. Since
compressible flow theory requires that the maxinmass flux coincide with a unity mach number [17],

the predicted mass flow will be lower tham .

C) METHODOLOGY

In this section, we present the Navier-Stokes égusthat are solved in a conventional equilibriGiFD
analysis [9]. We then introduce the extensionsuired to account for molecular relaxation and we

conclude with a description of the numerical altforis that we used.

Conventional CFD Equations
For Reynolds numbers below ®1@he axisymmetric, steady, compressible flow iBRV is governed by
the laminar Navier-Stokes equations [9]. The ldey@rable pressure gradient in the convergingaecf

the CFV is believed to relaminarize what would ottise be a turbulent flow [25]. Evidence that thenf
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is laminar is observed in myriads of calibratiortadavhere as predicted by laminar flow theory, the

discharge coefficient scales linearly with the mseesquare-root of the Reynolds numleeg( Figure 1).

In CFD, the four scalar conservation equationslutfing continuity, axial and radial momentum, and
energy that constitute the axisymmetric Navier-8tokquations, are often combined into a singleovect
equation as explained in references [26, 27].héngdresent numerical investigation the vector fofrthe

Navier-Stokes equations is expressed as

i Qv +E+£= H+z(Qy) 12)

It x qr

where the time derivative is retained to facilitattme marching numerical procedure to the desteddy
state solutioh This vector representation of the Navier-Stokgeations is developed by grouping the
appropriate variables from the four scalar cond@maequations. In particular, those variables hguvike

derivative operators are combined into vectors. r Fexample, the time derivative vector,

Q. =[r,ruy,r ur,e]T, consist of the temporal terms from continuityjadvand radial momentum, and

energy equations where= r[e+]/2(uf +ur2)] is the sum of the internal and kinetic energy peit

volume. In Equation 12 the time derivative is nplidgd by the Jacobian matrix, = 1Q./1Q,, so that via
the chain rule of vector calculus [28R. =[r, r uy,r ur,e]T, is replaced byQ, =[P, uy ,ur’T]T. This

transformation to the dependent vectQy,, conveniently allows thermodynamic properties écelvaluated

explicitly as a function of temperature and pressarthe numerical procedure.

The remaining vectorsg and F, on the left hand side of Equation 3 are deterthime a manner

analogously taQ. . These vectors, commonly called the inviscid fhextors, are defined as

I Uy I uy
2
rug +P ru.u
E= X F= 2I'+XP (13)
7 Uy U, ruy
(e+P)u, (e+P)y,

“The time marching approach differs from commonlgdugerative approaches which omit the time deirreatierm when applied to
steady state problems.
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and account for the convective terms in the massnemtum, and energy equations respectively. On the

right hand side of Equation 12, the viscous opeyatq is defined by

L ION S IO ST IO B |
Z= RXX TIX +1-IX RXF Tlr +ﬂr RI'X ﬂX +1-lr RIT Tlr (14)

where the viscous matriceR,, , and R, are given by

O 0 0 0 0 0 0o 0
0o Zm o0 0 0 0 -%m 0

R« =0 0 m o Re =0 m 0 0 (15)
0 %mux m, k 0 rmu, -El?lllr 0

with R, , and R, having analogous forms. Finally, the vectdr contains the axisymmetric source terms

as given in reference [27].

Thermodynamic and Non-Equilibrium Considerations
We follow conventional CFD for dilute gases by catipg the density from the equation of state,

r =P/[RT(@+Br)], where the second virial coefficief8(T gccounts for real gas behavior. Data for

the second virial coefficient and its temperatueeivchtives were obtained from references [29, 30]e

used the transport property data as a function eemtpre (atP = 101.32%Pa) from references [31, 32].
In conventional CFD, the equilibrium internal energ®(r,T) is calculated from a reference state by
integrating the ideal-gas constant-volume spetiéat Cy, and subtracting a correction term to account

for real gas effects

T

eq —
e (r,T)= T

dB
c, dT-RrT2 2= 16
ef Vi daT ( )

This formula for €®9(r,T ) is unsatisfactory for the CFV in Figure 2 for eémtgases. For this CFV,
t yransit » 20m8.  Vibrational relaxation times range from00017s to 10.7s depending on gas species,
temperature, and density. Thus, the conventiorflD Gssumption G = ¢ gjax /¢ transit =0 1S @ poor

approximation for gases with slowly relaxing vilioaal modes, especially near the throat of the CFV

where the acceleration of the gas is largest. if¢rease in kinetic energy near the CFV throatisihced
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by a decrease in the internal energy of the tréins@ and rotational modes. This reduces the tatpre

Teyxt that characterizes these modes. Because the igitahtmodes relax slowly, the temperature
characterizing themT,;, , is significantly higher thaf,,;. Consequently, the value of internal energy is

not accurately predicted by Equation 16.

To accurately predict the internal energy WhER, * Teyt, We sum the relevant molecular components
including contributions from translational, rotatad, and vibrational modés

e(r, Tyins Text) © Eext (7 Text) + Evib (Tvin) (17)

The second terme,;, (T, .)accounts for the vibrational modes. We assuraettte vibrational modes
are always in internal equilibrium with each othemnd we computee,, (Tyip, )by summing the

contribution of each vibrational mode

N gnRan

n=1 explgn /Tuip)- 1 18)

&vib (Tvib) =

where g,, is the degeneracy for the" vibrational modeg,, is the characteristic vibrational temperature

for the n" mode, andN is the number of active vibrational modes [13,. 14The first term in
Equation 17, gy (7, Text ) IS called theexternal molecular energywhich consist of the both the

translational and rotational molecular componefeth of these components are taken to be fully

equilibrated so thaTg,; equals the thermodynamic temperatlire The external molecular energy can be

defined by subtracting the equilibrium vibratioealergy from the equilibrium internal energy

Eext (7 Text) = eeq(r’Text) - Eyip (Text) - (19)

In this way e, (7, Tyt ) CONsist only of the translational and rotationamponents, yet retain real gas

behavior that traditional ideal gas models of theglational and rotational components omit.

The exchange of energy between vibrational modestla® combined translational and rotational modes

was modeled using the vibrational rate equatiof [13
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Deyip (Tvib) _ evib (Text) - €vib (Tvib)
Dt L relax

(20)

where D/Dt is the time derivative following a fluid elemerftfixed mass. Bhatia developed this equation

for diatomic molecules having only a single viboa@l degree of freedom and therefore only one
relaxation time [13]. However, Equation 20 workslwfor polyatomic molecules at temperatures low
enough so that only the lowest vibrational degrffee@dom is actived.g, CO, near ambient temperature).
Often Equation 20 is used to model relaxation iansband shock propagation through polyatomic gases,
such as S§ where the highest vibrational modes relax quiddythat the entire heat capacity relaxes at a
single relaxation time. However, for certain pabraic gasesd.g, C,Hg) more than one relaxation time is

needed as discussed by Lambert [33].

For steady flow along a streamline the vibratiocaéé equation is given by

G deyip (Tyib)
dz

= eyib (Text) - €vib (Tvib) (21)
where G = gjax/! transit IS ratio of the local relaxation time to the lodialw transit time, andz = s/L is
the normalized distance along a streamline. Heggnsii=L/|u| is the time that it takes for a fluid

particle to move a distance L along a streamlimg, |hu|| is the magnitude of average velocity over that

distance. The relaxation time changes with theallabermodynamic conditions according to the

phenomenological Landau and Teller relation [34]

¢ _Ky exd(KZ I Text) s
relax — P

(22)

where the constant&; and K,were obtained by fitting ultrasonic relaxation dgt8, 16].

Numerical Solution

The vibrational rate equation and the Navier-Sto&gaations must be solved as a coupled system of
equations. In this work these equations are solgdglobally iterating between the Navier-Stokes
equations and the vibrational rate equation umtihtare simultaneously satisfied. The iterativecpoure

begins by solving the Navier-Stokes equations withuessed value of the molecular vibrational energy

® The contribution of the electronic energy is neablig over the temperature range of interest.
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éyib (Tyip) - From the latest solution of the Navier-Stokeg iput parametersG = qjax/! transit @nd
eiib (Text) , are determined for the vibrational rate equathdext, the vibrational rate equation is integrated
along streamlines to determine the updated vibmatienergy, &, (T,;, ) which is used to determine the
modified internal energy,e(r, Ty, Text +) I the next iteration of the Navier-Stokes equagi

Consequently, the Navier-Stokes solution and theational rate solution are co-dependent.

Numerical Solution of the Navier-Stokes Equations

The Navier-Stokes equations are solved in a corvealt body-fitted coordinate system [35] with a
physical domain equivalent to the CFV geometry shaw Figure 2. Grid independent solutions are
obtained using a mesh with 201 axial grid pointd 401 radial grid points. The axial grid points are
uniformly spaced while the radial grid points apaced exponentially with a higher grid density nidr

CFV wall to resolve the boundary layer.

An alternating-direction implicit (ADI) numericallgorithm [26, 27] is used for integrating the Navie
Stokes equations. Time advancement is obtainet ugist-order, backward finite differences. Both
inviscid and viscous time-derivative preconditianj86-38] are employed for accelerated convergence
rates over a wide range of Mach numbers and Regnulehbers. Spatial discretization is accomplished
using third order up-winded flux differences foretlconvective terms and central differences for the
diffusive terms. The resulting numerical schemesigin of two tridiagonal matrices that are inverétd

each time step using a block version of the Thoahgarithm [26, 27].

In these computations boundary conditions are fipdcat the CFV inlet, at the CFV exit, along thE\C
wall, and on the centerline. At the inlet, the s@ipn pressure, stagnation temperature, and fluleaare
specified. Characteristic boundary conditions [883 specified at the supersonic CFV exit. On th& CF
centerline, symmetry boundary conditions are us&tdle CFV wall is taken to be adiabatic with a zero

normal pressure gradient, and a no-slip velocityriglary condition.

Numerical Solution of the Vibrational Rate Equation
In contrast to the Navier-Stokes equations, whighexpressed in an Eulerian sense, the vibratiatal

equation is expressed in a Lagrangian sense. S@dlgif the vibrational rate equation describesrdite of
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relaxation of the vibrational modes of a gas phlataf fixed identity moving through the flow field@he
Lagrangian paths of particles of fixed identity iempond to streamlines in the flow field. Thedcapries
of these streamlines must be estimated from theéelN&tokes solution before the vibrational rateagipun
can be solved. In the coupling procedure betwhertwo equation sets, the streamlines in the flield f
are computed after each time step using the moshtapproximation to the Navier-Stokes solutione T
vibrational rate equation is then solved on eaobastline by a space-marching procedure that integra

between consecutive points on a streamline.

The space-marching procedure begins at the CFYliere the vibrational energy on each streamkne i
equal to its equilibrium value. To find the valokthe vibrational energye,, (T, ,)at the next adjacent
grid point along the stream line, the vibrationatler equation is analytically integrated using \tayiaof
parameters [40]. In turn, this value g, (T,;, Sgrves as an initial condition for the next poarid so on,

until the complete streamline has been updateds fitocess is then repeated for each streamlirtbein

flow field.

D) RESULTS

Validation of CFD Model

The CFD methodology followed the procedure usedherexperimental calibration, where the mass flow
was controlled by varying the stagnation pressurdghe range 50 kPa R, < 200 kPa while maintaining
the stagnation temperature at 298.15 K. For thgssrating conditions, the corresponding Reynolds
number varied from 1,000 to 40,000 for the smaibal ISO standardized CFV. The CFD results were

verified by comparisons with experimental dataféar gases including He, NSk and CQ.

The experimental data shown in Figure 1 was obdiaineJapan’s national flow standard, which measures
flow using a gravimetric timed-collection techniqwdth an uncertainty of 0.1 % [3]. As shown in
Figure 1, the non-equilibrium CFD model predicthd tischarge coefficient to better than 0.3 % fbofa

the gases over the entire Reynolds number range.agfeement with experimental results, the non-

equilibrium CFD model predicted large€®y values for Skand CQ- gases affected by relaxation. As
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expected, the non-equilibrium CFD model correcthedicted Cy for He and N, gases that are not

influenced by vibrational non-equilibrium.

Increase inCy due to Vibrational-Non Equilibrium Flow

When slowly relaxing gases are used in small CFvs measured mass flow exceeds the predicted value
given by models that assumyg,x= 0. Indeed, the discharge coefficient as defimeBquation 3 or 11
may even be greater than unity. To understandptiesiomenon, it is helpful to consider the limitoagses

for the ratio =7 qau/fyansit- THe limit  ® 0 is the case of equilibrium flow; and the limit® ¥ is
“frozen” flow in which energy in vibrational modesmains constant. In both limiting cases, the gas

dynamic equations are uncoupled from the vibraticeta equation.

In the limit of frozen flow, relaxation does notane, or, equivalentlye, (Tyip) = &yin (T, F constant

throughout the flow field. Because,, (T, i9 constant, the frozen flow heat capacity of vitgational

degrees of freedom are zerfi\(Vib =0). Consequently, the specific heat ratio fazén flow, gfr , is

larger than the equilibrium valug®®. The ideal gas model can be used to demonshistéact. For an
ideal gas, the specific heat ratio is expressibleeims of the translational, rotational, and Milorzal heat
capacities [18]

R
Gidea =1+ : 23
e CVtrans + C:Vrot + C:Vvib ( )

where gfr is calculated by settin@vvib =0. For diatomic or polyatomic gases, having a least active

vibrational modeCy,, > 0so thatg™ > g®.

The increased value of the specific heat ratichendase of frozen flow results in a higher soureedpn
the gas than would exist for equilibrium flow. addition, as the gas expands and accelerates thtbeg
CFV it cools to a lower temperature in the casdrafen flow than it would for equilibrium flow. Thi
lower temperature, subsequently results in a higeasity. Both the higher speed of sound and itdjteein
density, in the case of frozen flow, increase thessnflow through the CFV as shown by combining

Equations 1 and 2 using the larger frozen flow Bjgeleeat ratio in place of normal value gf. Finally, in
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the intermediate case of vibrational relaxatiorevipus CFD results have shown that the mass flow is

increased above the equilibrium value, but is tbas the frozen flow value [10].

When vibrational relaxation is present, the disghacoefficient as defined by either Equation 3 brid
higher than would be predicted by conventional lojiim models. The larger discharge coefficient
results because the normalizing parameteror mg does not account increased mass flow attributed to
vibratrional relaxation. Moreover, these definisoallow values of the discharge coefficient thag ar

greater than unity [11]. To avoid this nonphysisiiliatior?, the discharge coefficient should be defined

using a normalizing parameter that accounts faratibnal relaxation effects.

Generalizing the Critical Flow Function to accountfor vibrational relaxation
Vibrational relaxation can be accounted for by galigng the critical flow function, which itselfsia
generalization of the discharge coefficient. Basedinear CFV theory it can be shown thatedfective
critical flow function can be defined as

vib

C
cfoc{ 2 (24)
eq
Cd

vib

whereC4 is the discharge coefficient computed with the enésibrational relaxation flow model, and

Cglis the discharge coefficient computed with the Boyiiim flow model.

0.683 1.3898 0.641 1.1618
0.6825 // 1.3868 0.639 / 1.1518
ce o682 / 13839 gf" c&ff 0637 / 1.1419gf"
0.6815 j 1.3810 0.635 / 1.1321

0.681 \ \ \ T T 1.3781 0.633 T \ 1.223
o 1 2 3 4 5 6 0 0.05 0.1 0.15

Figure 3: Effective critical flow function versusreference value of€* evaluated at the nozzle throat for CQ
(left) and SKs (right).

% Greater than unitye 4 values are sometimes caused by Inaccurate valies GV throat diameter. 1nis Is especially thoie
small sized CFVs where the throat diameter is rddfeult to measure.
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Figure 3 shows theffective critical flow function for both C@ and for Sk gases as a function of

G’ (TO’PO)zt;eIax/t{ransit where ¢ .. is evaluated at the throat conditions using Equa22 and

! ansit = d/c* is the time required for a gas particle to trameé CFV throat diameter at the speed of

sound,c* =4/g RT" . The effective critical flow function defined this way is valid for an ISO standard
CFV geometry fofT, near room temperature. For a given gagff depends not only o5, but also on

Cvib/Cy = (@™ - g°¥) /(g™ - 1), the ratio of the vibrational specific heat to tiatal constant-volume

specific heat. This ratio, which gives an indioatbf the number of active vibrational modes, isrsgly

dependent on temperature so that Figure 3 is ailgl for T, near room temperature.

Theeffectivecritical flow function defines aaffectivespecific heat ratio according to the relationship

1+ eff

For both gases GQand for Sk the effective specific heat ratio lies between ¢heilibrium and frozen

flow limit, and can be used to assess the degreidiHtional relaxation.
By using CSeff in the expression for the ideal theoretical masw fiven in Equation 1, the generalized
discharge coefficient accounts for vibrational xakion. The resultingﬁd curves for CQ and Sk will

then agree with analytical; predictions, havingC values that are less than unity and that scale tivet

Reynolds number and the specific heat ratio.

CONCLUSIONS

A model for flow through CFVs that incorporates thBuence of the relaxation time of vibrationalglees
of freedom has been presented. The model agreds exjterimental measurements of the discharge

coefficient for four gas species (including £&hd Sk) within 0.31% whereas prior models differed from
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experiments by as much as 2.3%. The new model esupbn-equilibrium thermodynamics with the
equations of flow. The pertinent quantities are #mergy of vibrational modes and the ratio of the
vibrational relaxation time to the transit time the gas to move from the CFV entrance to its thrblae
non-equilibrium phenomena causes an increase is fltag through the CFV that can be explained by the
limiting cases of “frozen” and equilibrium flow. ihear CFV theory is introduced and used to defire t
appropriate form of theffectivecritical flow function necessary to cancel theeefé of vibrational
relaxation. The effective values of the specifi@hratio and the critical flow function, presenteatein,
allow a user to use calibration data performed Wiiho calculate the flow of CQOor Sk through a CFV

without utilizing the computational model.
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